Reprinted from Sankhyd : The Indian Journal of Statistics, Se'riesA, Vol. 28, Part 1, 1966

ON STABLE TRANSFORMATIONS!
By ASHOK MAITRA?Z

Mathematisch Centrum, Amsterdam

SUMMARY. Lot T bea meisure preserving transformation of a proba,bﬂity space (Q, A, P)

into itself. Wo shall say that 7' is a stable transformation if for oevery 4, B ¢ A, lim P(T-"4NB) exists.
7 e OO

Stable transformations are investigated in this article with tho aid of Reényl's rosults on stable sequences
of events. The concept of a stable transformation generalises that of a mixing transformation.

1. INTRODUCTION

Let (Q, A, P) be a probability space. Let 7 be a measurable transformation
(not necessarily one to one) of Q into itself. Assume further that 7' is measure pre-
serving, that is P(7-14)=P(4) for every Ae_q. Following Rényi (1963), we shall say
that 7' is stable if for every Ae_xq, L A, n=1, 2, ...} is a stable sequence of events,

that is, if for every 4, Be 4, lim P(T-"4 () B) exists. Theo purpose of this article
J e OO

i1s to study such transformations.

The concept of stability generalises that of mixing. A mixing transformation
1s, of course, always stable. It will be shown that a stable transformation 7' is mixing
it and only if the o-field of invariant sets is trivial (a measurable set 4 is said to be in-
variant 1if 71 4 = A).

As the present investigation relies heavily on the results proved in Rényi
(1963), we shall for the sake of completeness give a résumé of these in Section 2. In
Section 3 the analogues of results for stable sequences of events will be proved for
stable transformations. Examples of stable transformations, including a counter-
example to disprove a reasonable conjecture, will be given in Section 4.

2. RESUME OF RESULTS ON STABLE SEQUENCES OF EVENTS

Let (L2, ¥, P) be a probability space and let {4,, n = 1,2, ...} be a sequence
of events. We shall say that {4,} is a stable sequence of events if for every Be_g

HID. P(An m B) —— Q(B)
NomPp L

exists. .
Theorem 2.1: If {A,} is a stable sequence of events and Q is as above, then Q
18 @ measure on (Q, A) and s absolutely continuous with respect to P.

Denote by o« the Radon-Nikodym derivative of @ with respect to P. « is said
to be the local density of the stable sequence of events {A nt-
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A sequence of events {4d,,n =1, 2, ...} is said to be mizing if there exists
#, 0 < B K1, such that for every Be & '

lim P4, ﬂ B) = f P(B).
NP O

p is called the density of the mixing sequence{4,}.
Corollary 2.1 : If {4,} 1s a stable sequence of events with local density o, then
{4,} 1s mizing if and only if o is a constant almost surely. '

Theorem 2.2 : The sequence of events {4, n = 1, 2, ...} is stable if and only if
lim Pdy A= k=1,2, .. T

n—y &0
exests. If, in addition, P(4;) > 0, k= 1,2, ..., set q, = Q,/P(4,), k= 1,2, ..., and

go = lim P(A4,). Then {4,} 1s mixing if and only if the q.’s (k= 0,1, 2, ...) are all
NP OO

equal..

The property of stability is preserved if the underlying probability measure
P is replaced by a probability measure absolutely continuous with repect to it. More
explicitly we have the following theorom.

Theorem 2.3 : Let{4d,, n=1,2,...,} be a stable sequence of events with local
density o. on the probability space (Q, &, P). Let P* be a probability measure on (Q, A),
absolutely conlinuous with respect to P. Then {4,} us stable on (Q, _A, P*) with local
density .

3. SOME GENERAL THEOREMS ON STABLE TRANSFORMATIONS

We shall now prove some theorems about stable transformations.

Theorem 3.1: Lel T be a stable measure preserving transformation on (Q,_A,P).

Then
lim P(IT"A () B) = :g P(A] 9dP

Ny 0O
for every A, Be_q. Here Jis the invariant o-field and P(A[JY) is the conditional prohabi-
bty of A guven J. |
Proof : By definition, the sequence {7 A,n =1, 2, ...}, where dAe_x«, is
stable. Hence lim P(7-"A(\B) exists for every Be_g. But by the Individual Ergodic

N~y o
n—1
Theorem, we have : ---i--— Y I,—k, converges almost surely to P(A4/Y), where I, is the
k=1
: : ] 71
indicator of the set ¢. Hence, if Be 4, P 2 Ip—k,. Izconverges almost surely to
k=0

P(A[p) Ip. Apply the Dominated Convergence Theorem. We get

n—1
lim — % P(T-*4 () B) = [ P(A|9)dP
B

Ne—> oO "N k=0

that is, the sequence {P(7"A(\B)} is Cesaro-summable to [ P(A]/9)dP. The result
B
now follows from the remark made at the beginning of the proof.
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ON STABLE TRANSFORMATIONS

Remark :  Denote by «, the local density of the stable sequence {774},
de 4. What we have proved then is that [ odP = [ P(A]y9) dP for every Be_A.
' B B

But «, and P(A/y) are sY-measurable functions. Hence « 4 = P(4/Y) almost
surely. ‘Lherefore the local density of {7'-» A} is simply P(A4/Y).

In order to check if a measure preserving transformation 7' is stable, it is in

fact suflicient to verify that lim P(7-74 () B) exists for A = Be_xq.
NP OO

Theorem 3.2 : A measure preserving transformation T is stable if and only if
lim P(T="A [\ A4) exists for every Ae q.
N~ O

Proof : The ‘only if” part is trivial. Consider now the sequence
I"4,n=1,2, ...}, Ae_g. We want to show that {I-" A} is stable. Note that since 7T
1s measure preserving, P(7-*A4 (T"A4) = P(T—* (T--k 4 (14)) = P(T-"-® 4 M A4),

where 7 > k. But by hypothesis, lim P(T-"84 M A) exists and so lim
N —> 0 7~~P 00

P(T%4 (Y T-"4) exists, k=1,2, .... Hence, by Theorem 2.2, {I'"A4} is stable.
This completes the “if”’ part of the proof.

A measure preserving transformation 7' is mixing if for every Ade_ g, the
sequence of events {7"4, n = 1, 2, ...} 18 mixing with density P(4), that is, if for
every 4, Be_ g

lim P(T-"A(\B) = P(4). P(B). ‘
N> 00 ,

Clearly a mixing transformation is stable. When is the converse true ?

Corollary 3.1: In order that a stable transformation T be mixing, it is necessary
and sufficient that J, the o- field of invariant sets, be trivial under P.

Proof : Suppose that ¢ is trivial under P, that is, if Aey, then P4) = 0
or 1. By Theorem 3.1, since T is stable, we have
Iim P(T"AMB) = Bj P(A]/9)dP
y (R Jo'e

for every A, Be_q. But as g is trivial, P(4/9) = P(A4) almost surely for every Ae_x.

Hence lim P(T—"A4(\B) = P(4). P(B) for every 4, Be_q, so that 7' is mixing. Con-
N~—P 00

versely assume that 7' is mixing. Let Ade 9. Then 7" A — A for 5 — 1,2, ....
But {I'"4,n =1, 2, ..} is mixing. Hence for every B¢ , P(A(\B) = P(4). P(B),
that 1s P(4) = 0 or 1. Therefore, ¢ is trivial, which concludes the proof.

Let us now turn to the functional form of stability. Let .£,(Q, ¢,P) be the
class of complex-valued random wvariables f on (Q, ¢, P) such that [1f]%dP < oo0.
Identity all functions £, which differ on a set of measure zero. Then L 18 a Hilbert
space over the field of complex numbers with inner product (f, g) = [f gdP (here Z
is the complex conjugate of x) and norm ||f|| = ([|f]|2 dP)}. If T is a measure preserv-
Ing transformation of Q into itself, we can define a transformation U of Lo Into itself
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as tollows : Uf = feT, fe o££,. Then U is an isometry, that is, U is a bounded linear
transformation such that ||Uf|| = ||f|| for every fe £, (see Halmos, 1956, p. 14).
~Denote by U” the n-th iterate of U.

Call a function f ¢ @, tnvariant if Uf = f. Denote by E, the projection on the
closed subspace of invariant functions in 2. We can now characterise stability
of 7' as follows.

Theorem 3.3 : A tneasure preserving transformation T s stable if and only

of im (Uf, g) = (B, f, g) for every f, g € £y, that is, U converges to B, in the weak operator
T~ 0O |

topology.
Proof :  Straightforward.

Remark : Let \/;»7 € J} be a complete orthonormal set for ,£,. Then a mea-

Sure preserving tr &n-;foxmatlon 7' is stable if and only if lim (U™, f;) = (&, f;, [;) for
N—> 0O

all 2,5 ¢ J. This follows divectly from the linearity and countinuity of U.

In the case of mixing, ¢ is trivial so that all invariant functions in £, are
constants. Hence B, f = (f, 1)1 for every fe 2, where 1 stands for the function
which is equal to one everywhere.

Corollary 3.2 : A measure preserving transformation T is mzxmg of and only
if im (U, g) = ((f, 1) 1, g) = (f, 1)(1, g) for every f, g€ o5

N> 00O
We may add here that if 7' is a stable measure preserving transformation, then
U™ converges to K, in the strong operator topology only in a rather trivial and uninter-
esting case. In fact, U" converges to E, if and only if U is the identity. To prove
this statement, note that since U™ converges weakly to K, U™ will converge

strongly to H, if and only if lim ||U"f|| = || B, f| for each fe .£,. But |[U™f] = ||f|| for

Tl OO

n=1,2,.... Note also that for any f e L,, ||f||2 = || B, fl|2-+]lf—E,f||2 by the Decom-
position Theorem. Hence ||f|| = ||E,f] if and only if E,f = f. It follows that U=
converges strongly to &, if and only if U f = f for each f ¢ ,&,.

- The property of stability is preserved if the underlying measure is replaced
by a measure absolutely continuous with respect to it. More explicitly, we have
the following theorem.

Theorem 3.4 : Let T be a stable measure preserving transformation on (Q, A, P).
Let ¢ be a probability measure on (Q, _A) absolutely continuwous with respect to P on 9.
Assiume fu,rtke? that @ is preserved by T. Then T s stable on (Q,_«,Q) and for every

Ae g, P(A]9) = Q(A]Y) almost surely [Q].

| Proof : (1) First we prove that @ is absolutely continuous with respect to P
on . Let Ae ¢ and P(4) = 0. Since T preserves P, P(lim sup 7"4) = 0.
But lim sup T"4 ¢ 9. Hence Q(lim sup 7-"4) = 0. It now follows from the fact
that ¢ is preserved by 1" and the Recurrence Theorem (Halmos, 1956, p. 10) that

Q4) =0.
23



ON STABLE TRANSFORMATIONS

(2) Now consider the sequence of events I"4A,n=1,2,..}, Ae_g. Since
& is absolutely continuous with respect to P on _g, by Theorem 2.3, {7—" A} is stable
with respect to €. Hence 7' is stable on (Q, _¢, Q). Furthermore, by Theorem

2.3, lim Q(IT"AMNB) -"“f P(A4[y) dQ for every A, Be _xg. Hence, by Theorem
YL CO

3.1., we have Bf Q(A[Y) dQ = | P(4/9)dQ forevery 4, B¢ _g. Thisproves the second
B

assertion of the theorem.

Corollary 3.3 : Let P and @ be probability measures on (Q, ). Assume
that 1" 1s stable and measure preserving with respect to both P and Q. Then, if P = @
on 9, P = Q on 4.

Proof : Let u(d) = $P(A)+1Q(4), A e _qg. It is easy to verify that 7 is
stable and measure preserving with respect to x#. Note that P, @ are absolutely
continuous with respect to u. Furthermore, w=PFP=¢ onJ DBy Theorem 3.4,
u(A/9) = P(4]9) almost surely [P] for every 4 € g. Note that the exceptional set
above 1s J-measurable and so must have g-measure zero as well. Again, as P(4/J)
and u(A/9) are g-measureble functions, we have

J

w(A) = [W(A] 9)du” = [P(4]9)dP = P(4)

for every A e_g. Here ,ufﬂ, P“p denote the restriction of u, P, respectively to .
This proves the corollary.

Corollary 3.4: Let T be a measure preserving mixing transformation on

(2, A, P). Let Q be a probability measure on (Q, ). Assume that s absolutely
continuous with respect to P on I and that it is preserved by T. Then P = Q.

Proof :  Follows directly from Theorem 3.4.

Corollary 3.5 : Let T be measure preserving and mixing with respect to pro-
bability measures P and @ on (Q A). Then either P = Q or P and Q are mutually
singular. '

Proof : "Suppose P £ . Then, by Corollary 3.3., there exists aset 4de g
such that P(4) = @(4). But since 7' is mixing for both P and Q, either P(4) = 1
and ((A) =0 or P(4) =0 and ¢(4) = 1. In either case, P and @ are mutually
singular. '

In the rest of this section, we shall investigate stable transformations which
are not necessarily measure preserving. As before, we shall say that a measurable
transformation 7' on (Q, _A&, P) is stable if lim P(T"A4 () B) exists for every A, Be_4.

- n—> ©
Under certain additional assumptions, we shall prove that stability of a transformation

makes it potentially measure preserving. Before making this last statement precise,
we need a couple of definitions.

We shall say that a measurable transtormation 7' on (2, _«, P) is non-singular
if P(A) = 0 implies P(T* 4) = 0. We shall call 7' conservatrve it A, Tt 4, T34, ...,

(A e ¥), mutually disjoint implies P(4) = 0.
_ ' 29
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We are now in a position to state our theorem.
Theorem 3.5 : Let T be a stable, non-singular, conservative transformation on

(Q, A, P). Then there exists a probability measure @ on (Q, A) with the following
properties :

(1) P and @) agree on J,
(i1) T is a stable, measure preserving transformation on (2, /¥, &),
(ili) P and Q are equivalent, t.e. they vanish on the same sets,

(iv) lim P(T-"4 (" B) :3[ Q(A/Y) dP for every A, Be _A.

NP GO

Proof : Define Q(A4) = lim P(T-"4), A e¢ _A. The existence of the limit is
P OO

guaranteed by the stability of 7. It follows from the Vitali-Hahn-Saks Theorem
(Halmos, 1950, p. 170) that Q is a probability measure. (i) is obvious. Clearly,
QA) = Q(T1 A) for every A ¢ 4. Furthermore, non-singularity of 7' (with respect
to P) 'implies that @ is absolutely continuous with respect to . Now we can use
Theorem 2.3. to conclude that 7' is stable with 1espect to ¢§. Thus (1i).

Now let @(4) = 0. Since @ is preserved by 7', Q(lim. sup 77"4) = 0. But
lim sup 774 ¢ Y, so that P (lim sup 7-"4) = 0 by (i). Since 7' is conservative
we can invoke the Recurrence Theorem for conservative transformations (Sucheston,
1957, p. 445) and conclude that P(4) = 0. We have already shown that P(4) = 0
implies ¢J(4) = 0. Hence (iii).

(iv) now follows from (iii), Theorem 2.3. and the remark following Theorem
3.1. This completes the proof of Theorem 3.5.

Remark : Conservativeness of 7' was used to prove that P is absolutely conti-
nuous with respect to ¢). If 7T isinvertible and both ways measurable, then the assump-
tion of conservativeness can be dropped from the preceeding theorem. For now

Lj T* 4 plays the role of lim sup 7-"4.

7 == OO0

4. HEXAMPLES OF STABLE TRANSFORMATIONS

Frample 1 : Let T be the identity transfc rmation on a probability space
(Q, A, P). Then T is- a stable measure preserving transformation. If _4 is non-
trivial, we get an example of a stable transformation that is not mixing.

Bxample 2 . Let (Q, _¥, be a measurable space and let (Q2,, _¥,) =
(Qq, Ap), =1,2,.... Let (Q, A)= ﬁ (Q,, A, Denote by w, (n=1,2,...)the
n-th coordinate of a point « in Q. \;7;1 shall use the following notation for finite
(il), o E(iﬂ)), where 1; << << 1y < ... < %,, 18 the set

dimensional rectangles : C ( El B

of all @ such that W, el k=1,...,n Ifi,=k k=1,...,n, we shall write

.
N
Al 111!_-, .



ON STABLE TRANSFORMATIONS

O(E,...., E,). Let T be the shift operator on Q, that is, T o = o, where
1

WL = w,., =1, 2,.... Consider a symmetric probability measure Pon (Q _A,),
that is, P satisfies the following condition :

P(C (B, ..., Eff‘“)) )= P(O(Ei"’, Eﬁf’))
foralln=1,2,...,all B, ..., B, e _A, and all sequences of positive integers 7,, ..., 2
and 7y, ..., Jn (¢’s all distinet and j’s all distinet).

n

Then 7' is a stable, measure preserving transformation on (Q, _«¢, P). Clearly
T is measure preserving. Let B be a measurable {1, ..., m}-cylinder, that 1Is,

1t
B=FXxQ,. 1XQu.2X..., where F is a measurable subset of II Q,. Let b, = T-* B,
k=1

k = ]_, 2, ... It 1s clear th&t ‘Bk = QIX . e XQkXF X Qk+m+1>< Qk+m+2 ) G
that is, B, is a {k-+1, ..., k-+m}-cylinder with base F. Hence, as P is a symmetric
measure, for all large n and fixed &k, P(B, ("} B,) = P(D), where D is the {1, ..., 2m}-

cylinder, F XF XQopiq XQop+2X .... Therefore, lim P(B; () B,) exists for every
N— o0

k= 1, 2, .... Consequently, the sequence of events {T* B, k = 1, 2, ...} is stable by
virtue of Theorem 2.2. Now any set 4 ¢ _¢ can be approximated arbitrarily closely
by a measurable {1, ..., m}-cylinder B (for some m), from which it follows that
(T4, n = 1,2,..} is a stable sequence of events for every Ae . This proves
that 7T is a stable transformation. .

In particular, let P be a product measure with identical components. The
arguments of the last paragraph show that 7' is mixing. Conversely, assume that T’
is mixing for a symmetric measure P. Let 4 = C(&,, ..., E,;) be a measurable finite
dimensional rectangle. It is easy to see that

lim P(T-*ANT-"4) = P(C(By, ..., By, By, ..., Br))y k=1,2, ...

N—) O

The limit is independent of k. But the sequence {I'-"4} is mixing. Hence, by
Theorem 2.2. we must have ' '

P(C(E,, ...,E,, Ey, ..., B,)) = PAC(H,, ..., B,,)).

CAs T'1s mixing; this last relation holds for all measurable finite-dimensional rectangles.
"Hence, hy Theorems 5.2. and 5.3 in Hewitt and Savage (1955, pp. 477-78), P must
be a product measure with identical components. We have thus proved :

| "~ Theorem 4.1 : Let P be a symmetric probability on (Q, _g). Then T 18 a
 stable measure preserving transformation on (Q, A, P) and T 18 muxing if and only if
P is a product measure with tdentical components. '

Example 3: Let {x,, n = 0,1, ...} be a stationary, aperiodic Markov chain
with countable state space I. HElements of I will be denoted by ¢ with or without
subscripts. Assume that the Markov chain is defined on the appropriate (unilateral)
sequence space (Q, _¢) and let 7' be the shift operator on (Q, _4). If P istherelevant
probability measure on (Q, «), T is a stable measure preserving transformation on

QA4 P).
o ' 31
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" To see that 7' is stable, let us note that 1t 1s sufficient to demonstrate sta,bﬂity
of sequences of events {T'"4, n =1, 2, ...}, where A4 18 a finite-dimensional rectangle
of the form (z, = 7, ..., Ty = i), the i’s being ergodic states belonging to the same

class. We have for fixed & and large n

- P(*% —~1 s Y ¢ ¥ . pn=m—Kk)y. . . m. .
(T*ANT™A) = p; Pigi, - Pi_iigPigie  Pigiy = Pigy_yip
where p, denotes the stationary distribution, p,; the one-step transition probability and

p® the n-step transition probability.

Remembering that lim p{} = m; for ergodic, we obtain

: ~k A = . D - A P . _
n.].-..l.)ni P(T AnT A) P‘zopaozl pﬁm——l"mﬂ‘m"op‘o’h <o p"m-—l"’m’ k 1, 2’ ..

Hence, by Theorem 2.2, 7-"4 is stable. This proves the assertion.

Example 4 : Let Q be a compact Abelian group, _g the o-field of Borel

«ubsets of Q and P normalised Haar measure on (L2, A). LetT be a continuous
automorphism of Q. Then T 1s measure preserving with respect to P (Halmos, 19566,

p- 7).
Let C be the character group of Q, that is, C is the seb of all continuous homo-
morphisms of Q into the circle group. Denote by U the unitary operator on
LoQ, A, P)induced by T'. U restiicted to ( is an automorphism of the group C. IffeC,
by the orbit of f under U, we shall mean the set {U" f, n = 0, 4=1,4-2, ...}. If the orbit
is finite, the least positive integer 7 such that Umf = f will be called the order of the
orbit. The order of the orbit of an invariant character f(i.e. f= Uf) under U is
clearly 1. We remark for later use that C forms a complete orthonormal set In

Lo(Q, A, P). (These facts may be found in Halmos (1956, p. 53)).

We want to characterise continuous automorphisms of £ which are stable.

Theorem 4.2 : A continwous automorphism T of a compact Abelian group
Q is stable if and only if the induced automorphism U on the character group C has no

finite orbits of order m > 1.

Proof : Assume that 7' is stable and that there is a f € C such that the orbit

of f under U is finite and of order m > 1. Then, it is clear that lim sup (U, [, f) = 1
Py OO

and lim inf (U™ f, f) = 0, so that lim (U™f, f) does not exist. We have thus arrived
(e Pmmed OO '

at a contradiction.
Conversely, suppose that U has only finite orbits of order 1 or infinite orbits.

If f ¢ C'is such that Uf = f, then it is easy to see that for every g e C, lim (U"f, g) = ( 1, g9)
- Py O '

— 0 or 1 according as ¢ % f or g=f. If the orbit feC under U is infinite,
-32



ON STABLE TRANSFORMATIONS

then clearly lim (U” f,g) = 0 for every ge C. Hence, in either case, lim (U™ f, g)
N-—p O Py 0O

= (B,f, g) for every f, g € U, where E, is the projection on the closed subspace of in-
variant functions in o£(Q, ¢, P). It now follows from the fact that C forms a complete

orthonormal set and the remark made after Theorem 3.3 that 7T is stable. This
completes the proof of Theorem 4.2.

Since a stable transformation 7' is mixing if and only if every invariant function

in £y 18 a constant, we can now characterise continuous automorphisms which are
mixing as follows : -

Corollary 4.1 : A continuous automorphism T of a compact Abelian group
Q s mizing 1f and only if the induced automorphism U on the character group C has only

infintte orbuts, other than the trivial orbit {1} (here 1 stands for the function where value s
one everywhere on £)).

Example 5 : 1t is known that, under suitable assumptions on the measure

space, & measure preserving transformation can be expressed as a direct sum (direct
integral) of ergodic transformations (see, for instance, Halmos (1941)).

The question then naturally arises whether a stable measure preserving trans-
formation is always a direct sum of mixing transformations. We give an example

‘below which answers the question in the negative. (The reader is referred to Halmos
(1941) for a precise definition of the concept of direct sum).

Let X = Y = circumference of the unit circle, ¥, = ¥, = o-field of Borel
subsets of X = ¥, and P; = P, = normalised Lebesgue measure on _4; = A>. Let
(Q, A, P) = (X, Ay, P)X(Y, Ay Py). Q is then a compact Abelian group, the
group operation being coordinatervise multiplication, _¢ is the o-field of Borel subsets
of Q and P is normalised Haar measure. We shall denote points of Q by ordered pairs
(, y), where x ¢ X,y e Y. We now define a transformation 7' of Q onto Q as follows :
Tz, y) = (x, zy) € Q. In fact, 7' is a continuous automorphism of Q and is, conse-
quently, measure preserving with respect to P. Now the character group C of Q is
easily seen to be the set of functions S, o(m, m =0, +1, 42, ...), where f, (=, y)
= ™y", (z,y) e Q. It follows from a straightforward application of Theorem 4.2
that 7' is stable. Thus, we have proved that 7' is a stable measure preserving trans-
formation. |

We assert that 7' is a direct sum of transformations, none of ‘which is mixing.
First note that the invariant o-field J of T is the o-field of sets of the form 4X Y,
Ae A The atoms of J are of the form {x} XY, x ¢ X. We shall denote atoms of
J by Y, Now, each Y, being invariant, 7' induces a transformation, say 7, on
each Y,. In fact, T,y = ay for (x,y) e Y ,. It is easy to see that 7' is a direct sum of
these transformations 7', z ¢ X. Now 7T, is a rotation on the circle group for every
x e X. Consequently, for each z ¢ X, T', is measure preserving with respect to Lebesgue
measure (Halmos, 1956, p. 7); furthermore, for all x, except for the countable number
of 2’s such that 2" = 1 for some natural number n, 7', is ergodic (Halmos, 1956, p. 26).
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But for no xzeX is T, mixing (Halmos, 1956, p. 37). Thus we have shown that 7T
is a direct sum of ergodic measure preserving transformations, none of which is mixing.
It follows now, since the transformation 7', were defined on the atoms of 4, that 7
cannot be expressed as a direct sum of mixing transformations.

Example 6 : We conclude with an example of a stable, non-singular trans
formation which 1s not measure preserving.

Let Q = [0, 1], ¥ the o-field of Borel subsets of Q and P Lebesgue measure
on ¥. Define a transformation 7' of Q onto itself as follows :

2 it x€ [0, %)

Tx =
x 1 xel[3, 1]
T is clearly measurable.

Since for any set Ae_«g, P(T1)A) < 2P(4), T is non-singular with respect to P.
FordAe_sand A[0, %),1tis clear that Iim P(T-"A4)=0,s0 that lim P(T-"A(B)= 10

NP O NP OO
for every Be_4. Hence {I"4, n=1, 2,...} is a stable sequence of events.
If Ae_sgand 4 C[4, 1), then 77”4 is a non-decreasing sequence of sets. Hence
lim -P(T-"4 (| B) = P( |J T4 ﬂB) for every Be_«. Therefore {T-"4,n=1, 2, ...}
NP OO Fr=—>

is stable. It now follows that lim P(7-"A4 () B) exists for every A, Be_g. Thus T
is a stable transformation. e

But 7' i1s not measure preserving with respect to P; indeed, 7' 1s not measure
preserving with respect to any finite measure equivalent to P. To prove this, 1t suffices
to show that 7' is not conservative (Halmos, 1956, p. 84). Consider B = [}, 3).
Then B, 7' B,T—2B, ... are mutually disjoint and P(B) = 1. Hence T is not conser-

vative.

_ This example shows that the assumption of conservativeness cannot be dropped
from Theorem 3.5, if 7' is not invertible.
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